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ABSTRACT. We consider the system 8_u —Au =0 (u) [Ve|?, div (o (u) Vi) =

0in Qr = Q2 x (0,T] coupled with suitable initial-boundary conditions, where
Q is a bounded domain in RN with smooth boundary and & (u) is a continuous
and positive function of u. Our main result is that under some conditions on
o there exists a relatively open subset Qo of Q7 such that u is locally Holder
continuous on Qo, the interior of Q7 \Qo is empty, and w is essentially bounded

on Qr\Qo-

1. INTRODUCTION

In this paper we obtain several results concerning the regularity of solutions to
the system
0
(1.1a) 6—1;—Au=cr(u)|V<p|2 in Qr=Qx (0,77,
(1.1b) div (o (u) V) =0 in Qr ,

where € is a bounded domain in RY with smooth boundary 99, T > 0, and
o € C(R) is positive. In [SSX], this system is proposed as a model for a conductor
in which both heat conduction and electrical conduction take place. Then v is the
temperature of the conductor, and ¢ the electrical potential. The first equation
describes the diffusion of heat, while the second equation represents the conserva-
tion of electrical charges. The term o (u) is the temperature-dependent electrical
conductivity. Its precise form is determined by the particular physical situation one
has in mind. See [XA] for the expression for o (u) in the microsensor applications.

To complete the problem, the system needs to be coupled with suitable initial-
boundary conditions. Here we impose the following conditions:

(1.1c) U= on St =00 x (0,7T],
(1.1d) =0 on St,
(1.1e) u(z,0) =up (x) on Q.

Here, u, @, ug satisfy certain conditions to be specified later.
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We are interested in the question of how different assumptions on ¢ may affect
the regularity of solutions of the problem. If o € C'(R) is such that

m<o(s) <M on R

for some m, M € (0,00), a result of [YL, Y] indicates that u € C*% (Q) for
some « € (0,1). This immediately triggers a bootstrap process which yields higher
regularity for v and ¢ if o is smooth enough. The proof in [YL] relies upon the
single-layer potential theory. As a by-product of our development here we give a
new proof of this result which seems to exhibit a new perspective from which to
view the system. We are mainly concerned with the case where ¢ is bounded above
and satisfies

(1.2) lim M =1 uniformly on R,
7—0 O (S)

and

(1.3) lim o (s) =0.

The conditions here are rather general [C]. For example, exponential functions of
the form o (s) = e~ Il a > 0, satisfy (1.2) and (1.3). In this generality, we do
not expect u to be bounded. If u is unbounded, the system degenerates on the set
where |u| is infinite. We establish that there exists a relatively open subset Qg of
Qr such that u is locally Holder continuous on Qo, the interior of Q7\Qy is empty,
and u € L™ (Qr\Qo). Thus u(z,t) may become unbounded only when (x,t) € Qo
approaches the set Qr\Qo, the boundary of Qo.

Generally speaking, the study of systems of partial differential equations consists
of two steps [K]: first one proves the existence of a solution in a suitable function
space; then one proves the regularity of this solution. For some systems, the second
step may be false (see [G, Chap. 2]), and the solutions may have singularities. In
such cases, one is forced to seek a partial regularity theorem, giving a description
of the set of possible singularities. This approach has been used with great success
in a variety of settings (see [K] and the references therein). This paper contains the
first partial regularity results for models of the electrical heating of conductors.

Our method relies upon the following weak Harnack inequality:

Qr(z,t)

(1.4) ][ udydr <ess inf u+ec,
Q2r(z,t)

where R > 0,Qgr (z,t) = {(y,7):ly— 2| <R and t—R*<7<t}, and c is a

positive constant. This inequality is a consequence of the following two facts: First,
0

u is a supersolution of the classical heat equation au_ Au = 0. Second, u € BMO

ot
[FS] in the parabolic sense. To be precise, we have

(1.5) ][ (u—ug)®dydr <c,
Qr(z,t)

where

UR = ][ udydr.
Qr(z,t)

Section 2 is devoted to the proof of (1.4) and (1.5). Our main result is established
in Section 3.
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Our system consists of an equation of parabolic type and an equation of elliptic
type. Thus, there is no clear theoretical framework available to handle the situation.
What saves the game here is a clever combination of some elliptic techniques and
some parabolic techniques. Since the second equation does not involve the term

a—f, we are not able to obtain the Hausdorff dimension of Q7\Qo. In this respect,

our partial regularity result is different from that in [G]. However, we should be
able to remove (1.3). We wish to consider this possibility in a forthcoming paper.
For other related work, we refer the reader to [C, AC] and references therein.

Finally, we make some remarks about the notation. For R > 0, (x¢,tp) € RV*!,
let

Bg () = {z:|r— x| < R},

Qr (20) = QN Bg(2o0),

QR (Zr,o,to) = Bp (130) X (tQ—R2,t0 s

DR (wo,to) = QR (xo) X (tQ_RQ,tQ 5

Pr (wo,t0) = Qr(z0,t0) NQr,

OpPr (zo,t9) = the parabolic boundary of Pr (xo,to) .

The letter ¢, or ¢;, i € {0,1,...}, is used to denote a generic positive constant.
In the expression

/ (u— uR)2 dydr,

Pr(z,t)
we defne
UR = ][ udydr.
Pr(z,t)
For (z,t) € Qp, define
R.(x) = dist(z,00),

Ry (x,t) = min {R* (x), \/min {(R* (z))° ,t}} .
Then
QRo(x,t) (7,1) C Qr
and
Qr (2,t) N (RYN\Qr) # 0
for each R > Ry (x,t).

2. A WEAK HARNACK INEQUALITY FOR %
We first list our assumptions on the data.
(H1) o € C(R) is such that
O<o<M on R

for some M € (0, 0).
(H2) There exists a function u* in W1 (Q7) with the properties

uwt = T on Sr,
ut = wg on Q x {0}.

(H3) 2 € L* (0,T; Whe ().
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We remark that most of our subsequent results require weaker assumptions. For
simplicity we will operate under (H1)—(H3) throughout the paper.

In the generality considered here it is not clear to us a priori that u is bounded.
As a result, the equation (1.1b) may degenerate. This means that we will not
be able to obtain an estimate of the type |Vy| € LP (Qr), p > 1. To solve the
question of in what sense the system is satisfied, we appeal to the notion of a
capacity solution introduced in [X1].

Definition 1. A triplet {u,y, g} is said to be a capacity solution of (1.1) if:
() u—ut € C(10,T] LAQ)NL(0,T; W32 (), ¢ € L2(Qr), g € [L*(Qr)]";
(i)
%—1; — Au = div (¢g) in L?(0,T; W=12(Q)),
divg=0 in L?(0,T; W=12(Q));
(iii) for each 8 € CE(R), 0 (u)p — 0 (u*)p € L? (O,T; Wy (Q)) and 0 (u)g =

o (u) (V (0 (u) p) = oV0 (u));
(iv) w(z,0) = ug (z) in L? ().

A detailed analysis of this definition is presented in [X1]. Here we only point out
that (iii) implies g = o (u) Vi, where V¢ is a measurable function defined as in
[X1]. A result of [X1] asserts that under (H1)-(H3), problem (1.1) has a capacity
solution.

We are ready to state the main result of this section.

Theorem 2. Let {u, ¢} be a capacity solution of (1.1). Then there exists a ¢* > 0
depending only on the data such that

(2.1) ][ u(y,7)dydr <ess inf wu—+c*
Q2r(xo,to) Qr(zo,to)

for all (xo,t0) € Qr, R > 0 such that 2R < Rg (xo,to)-
Before we continue, let us cite the following known result.
Lemma 3 (Chain rule). Let v € L? (O,T; Wy (Q)) be such that
v € L (0,T; W12 (Q)) .

u(z,t)
Then for any Lipschitz function 6 with 6 (0) = 0, the functiont — [ [ 60 (s)dsdx
Q 0

is absolutely continuous on [0,T] and

u(x,t)
%/ / 0 (s) dsdx = (ug, 0 (u)) ae. on (0,7),
Q 0

where (-,-) denotes the duality pairing between W=12 () and Wy (Q).
The core of the proof of Theorem 2 is contained in the following lemmas.
Lemma 4. There exists ¢ > 0 such that
/ o (u) |Ve| dedt < CRN
Pr(zo,to)

for all R >0 and (z9,t0) € Qr -
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Proof. First observe from (ii) that

(2.2) div(c(u)Ve) =0 in W H2(Q)

for a.e. t € (0,7). Now let (z9,t0) € Qp, R > 0 be given. Set Br = Bg (zo).
Choose £ € C§° (Bag) so that € =1 on Br, £ > 0 on Bag, and |V¢| < 2/R. For
each k € {1,2,...}, let O, € C} (R) be such that
0, <=
| k| = ka
klim Or (s) =1 for all s €R,
0, >0 on R.

By (iii), O (u) o — 0k (u*) B € Wy (Q) for a.e. t € (0,T). As a test function in (2.2)
we can use (0, (u) ¢ — Ok (u*) @) £2 to obtain, for a.e. ¢ in (0,7, that

[ o @ VeV 6 ) ¢) o
Qar
=— / o (u) Vb (u) 2EVEdx
Q2r

+ / o (u) VoV (0 (u*) pE?) da.

Q2r

In light of (iii), we get, for a.e. ¢ in (0,7, that

/ o (u) |Vl Oy (v) Edx
Q2r
=— / o (v) Vb, (u) Vuéidr — / o (u) Vb (u) 2EVEdx
(929 Qor
+ / o (u) VoV (0r (u*) 7E?) da.
Q2R

Take k — oo, apply Holder’s inequality in the resulting equation, keep in mind
(H1)-(H3) and the fact that ¢ € L* (Qr) = L>®(0,T; L*()), and thereby
obtain

/O’ (w) V| dz < CRN=2

Qr

for a.e. ¢ in (0,T). Integration with respect to t yields the desired result. O

Lemma 5. There exists ¢ > 0 such that for all (xo,t0) € Qr and R > 0 with
2R < Ry (20, to),

(2.3)

D=

][ udzdt <ess inf w+c ][ (u— um)2 dxdt
Q2r(zo,to) Qr(zo,to) Q2r(zo,to0)
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Proof. Let {0x} be given as before. For ¢ € L? (O, T; W, > (Q)) N L% (Qr) and 7
n (0,7T), we compute, with the aid of (ii) and (iii), that

T

/ (div (0 (u) Vo) , O () €) it
// u) VoV (u) Edxdt

—//cr(u) Vb (u) VEdxdt

Q

_ / / o (1) VooV () €dadt

Q

/ o (1) Vip (V (€0 (1)) — €V (60 (w))) dandt
Q

[}

(=)

o\
o\

/ o (u) [Vigl? O (u) Edadt.
Q

Letting £ — oo yields

T

(2.4) /(div( (u) V), //0 ) V| eddt

0

for all £ € L? (o,T; W (Q)) N L (Qr). Now fix (zo,t0) € Qr, 0 < 2R <
Ry (zg, to). Define, for ¢ > 0,

1 if s<0
ne(s)=4 —2(s—e) if 0<s<e,
0 if s>e.

Then, for any A € R, £ € C5° (RV ™) with £ = 0 on OpQr, we have n. (u — A) € €
L? (O,T; Wy (Q)) For such A, £ we deduce from (ii) and (2.4) that for each
€ (0,77,

u—A

Q//Us( dsfdx—// / 7 ( dsﬁtda:dt+//Vu0 u— A) Védadt
//|Vu| fd‘”dt+// ) IVl ne (u — A) Edadt.



PARTIAL REGULARITY OF SOLUTIONS TO DEGENERATE SYSTEMS 1979

_ 0
This implies that (u — A) ™ is a subsolution of the classical heat equation 8—1; —Au =
0. That is to say,

O](%(U—A)_—A(U_A)—’f) it <0

for all 7 € (0,7] and & € L? (O,T; Wy (Q)) with £ = 0 on OpQr. This asserts
that there exists ¢ = ¢ (N) > 0 with

2
ess sup (u—A)” <c <][ [(u - A)_] d;vdt)
Qr(zo,t0) Q2r

We take A= f, . udrdt and obtain

2
][ udzdt <ess inf wu+c ][ [(u — qu)_} dxdt
Q2r(0,t0) Qr(o,to) Q2r(0,t0)

This completes the proof. O

(SIS

(SIS

In view of Lemma 5, we can obtain Theorem 2 by showing that

(2.5) ][ (u — uzg)? dedt < ¢
Q2r(o,t0)

for all (x0,tp) € Qr and all 0 < R such that 2R < Rg (x0,tp). To this end, set

f ou(m,t) —u (x,t) if  (2,t) € Qp
Z(“)_{o if t<0ande€Q.

Then one can easily check that z is the weak solution of the following problem

(2.6a) %z —Az=f in Qx(-7,T],

(2.6b) z2=0 on Ip (Q x (-7, 7)),
where 7 = the diameter of Q and f = div (¢ (u) ¢Vexq, + Vu*xor) — Ui Xor -
Given that (zo,t0) € Q7\Q x {0} and 0 < R < the diameter of 2, consider the
problem

v

(2.7a) 5 Av=f in Dp,

(2.7b) v=0 on OpDr,
where D = Dpg (zg,t9). We can easily conclude from [LSU] that this problem
admits a unique solution in

C ([to - Rz,to} 5 L2 (QR)) ﬁLz ((to - R2,t0) 5 WOLZ (QR)) 5

where we write Qg for Qg (z9). Use v as a test function in (2.7a) to obtain
— 2
vlp, = [tol—n}%gfto] /v2 (x,t)dz + / [Vl dedt
(2.8) e o
< c/a (w) |Vo|? dzdt + cRN*2.

Pr
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For convenience, assume N > 3. Then an embedding lemma in [D, p.7] indicates
that
2
lol2s s by < clolp, -
Consequently,

N
N+2

/ v?dxdt < cR? / |v|2+% dxdt
R

Dr

< cR? / o (u) | V| ddt
Pr
< cRNT2 4 ORNT < ¢ RN T2,
The last step is due to Lemma 4.
Let w = u —v. Then w is the weak solution of the following problem:
ow

2.1 — —Aw= ) D
(2.10a) 5 w=0 n Rs

(2.10b) w=u in OpDg.

Claim 1. If Dp C Qr, i.e., Dr = Qr, then there exist ¢ > 0, « € (0,1) depending
only on N such that

(2.11) .
/ (w— wp)2 dxdt < ¢ (%) e / (w — wg)® dedt

Qp(z0,to) Qr(zo,to)
forall 0 < p < R.

R
We first show that (2.11) holds for p < T To do this, we appeal to a result in [D,

p.42] which states that there exist a € (0,1) and ¢ > 0, which can be determined
a priori only in terms of N, such that

1\ @
x1 — To| + |t1 — t2]?
lw (z1,t1) — w (22, t2)| < cllw —wr| 4 0, <| k] R| 1= b )
2

for all (z1,t1), (z2,t2) € Q,. Invoking another result in [D, p.123], we obtain that

1
2
lw —wrll g, <cN) <][ (w — wg)* da:dt) :
Tz Qr
, R
Thus, if 0 < p < T we have that

2 2 A%
/|w —wp| drdt < ¢ ||lw — wR||OO7Q§ (E) L pN+2
Qp

2c
< Cl][ (w— wR)Q dzdt (ﬁ) pN+2
Qr R

N+2+42a
=q (%) / (w — wg)® dzdt.
Qr
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R 4
Ifp> T then Ep > 1. Consequently,

/ (w— wp)2 dxdt < / (w — wg)® dedt

Qp QR

2+ N+2a
< 4PN+ (%) / (w — wg)? ddt.
Qr

(2.12)

Then (2.11) holds for ¢ = max {¢y, 42N 2},
We are ready to prove the following lemma.

Lemma 6. There exist c; > 0, ca > 0 depending only on the data such that for all
(z0,t0) € Qr and 0 < p < R, = R, (o),

][ (z—zp)2 dzdt < 01][ (z — zg,)° dodt + co.
Qp(zo,to)

QR. (zo,to)
Proof. Fix (zg,to) in Q7 and 0 < R < R,. Let v, w be given as before. Then for
each 0 < p < R, we calculate, with the aid of (2.9) and (2.11), that

(2.13)
/ (2 — z,)° dadt

Qp

< c/ (z —w)? dodt + c/ (w— wp)2 dxdt
Qp Qp
N+2+42a
<c / vidxdt 4 ¢ (ﬁ) / (w — wg)* dzdt

R
Qr Qr

N+2+42a N+2+2a
<ec (1 + (%) ) / vidxdt 4 ¢ (%) / (z — ZR)Q dxdt

Qr Qr

N+24+2a
<cRNT?4e (%) / (z — zr)* dadt.
Qr

In fact, this holds for all 0 < p < R < R,. Thus, we are in a position to apply
Lemma 2.1 in [G, p.86]. This yields

(2.14) ][ (z — zp)2 dzdt < ¢q ][ (z — zg)* dadt + ¢,
P QR

for all 0 < p < R < R.. Set R = R, to obtain the desired result.
If (x0,t0) € Qr is such that R (zg,t9) < R.(xg), we have, for all 0 < p <
RO ('T’Ov tO)v that

(2.15)
][ (u — u,)? dudt < c][ (2 —2,)° + c][ (u - (u*)p)2 dzdt

P 3 P

c][ (z—zp)de—Fc
QR

< c][ 22dx + c.
Qr=*

IN
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This implies that for all (z,t) € Qr such that dist (x,92) > d > 0, there exists a
¢ = c(d) with

][ (u—up)2 dxdt < c][ (u—ug,)” dedt + ¢
Qﬂ(w7t) QRO (w)t)

<c(d)

for all 0 < p < Rq (x,t). To finish the proof of (2.5), we still have to show that for

each (xo,t0) € St, there is a pg > 0 such that fQR (@) (u — ug,)? dydr is bounded
0 (T,

in D,, (z0,t0). The idea here is to introduce a change of variables which flattens

the relevant portion of the boundary 9. Fix zg € 9. Since Q is C', we can

find an open neighborhood U about zy, a number Ay > 0, a C''-homeomorphism
T between A = {y € RV : |y;] < Ag,i=1,... ,N} and U such that

T77'(UnQ) = Af={yeA:0<yn},
TP UNRMNQ) = A ={yeA:yy <0},
T (z0) = 0,
T-1(UNoN) = {yeA:yy=0}.
Let T be defined by
xi:gi(yla"')yN), Zzl,,N

Then set

0
H = _gi) .
(3%'
Following the construction of 7 in [SW], we can choose g; so that
(2.16) the Jacobian of T = |det H| = 1.

For y € AT, define

Z(y.t) =2z(g1 (y1,---yn) - 98 W1, ,yN), 1)

An elementary calculation shows

(2.17)
0 . . I\ 71~ . . 4
az—dlv((H ) H Vz)zd1vg—|—go in AT x (—=7,T],
where
9(y,t) = H7' (0 (u) pVexar + Vu'xer)l,—ry »
go(yut) = _u;fk XQTlm:Ty )
(=
=Ty

Note that in the derivation of (2.17) we made use of (2.16). Now set

- Z(y,t) if yn >0,
1) = - ;
2wt {—Z(ylv---yzv—lv—yzv,t) if yn <O.

Then Z satisfies

(2.18) %z —div(HVz) =divg+g, in Ax(-7,T],
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where
— _J 9(y,t) if yn >0,
0 _g(ylv ayN—la_vat) Z.f YN <07
_ (H-)" B! if yn >0,
H=q < ~1\T ¢7-1 T o
I((H ) H )(y17 7yN—17_yN)I Zf YN <07
1 0 0 0
- 0 1 0 0
=190 0 1 0 |’
0 0 0 -1
gz _ g Zf YN >07
_Ig(ylv ayN—la_vat) Z.f YN < 0.

Observe that H is still positive definite. In fact, in view of (4.6) in [SW], we can
choose g; so that H is continuous in A. We are ready to conclude from our earlier
argument that

(2.19) ]{2 e (z - (z)p)2 dydt < ¢(Ap)

A A
for all (yo,to) such that |yo| < 70, to € (0,7],and 0 < p < 70. It is easy to see
that

(2.20) meas 7 (B, (yo)) = meas B, (yo) ,
(2.21) Bay (T (21)) D T (B, (21))

for all z; € U, p > 0 with B, (z1) C U. For (z1,t1) € ’T(A*‘QBQ1 (O)) x (0,T]
2

A
such that 2R (21,t1) < 70, we compute, with the aid of (2.19), (2.20), and (2.21),
that

ty
1 2
(z — 2,)% dadt = c——— / / zZ—(2),) dydt
]{21%0(11,751) P Ré\H—Qt o T*l(BRO(am)) ( p)
1— g

— — 2
<cf (=~ (an,)” dyi
Q2ro (T 1 (z1),t1)

C.

IN

This completes the proof of (2.5). Hence Theorem 2 follows. |

Theorem 7. Let o, u*, g be given as before. Then any bounded capacity solution
(u, ) to (1.1) satisfies

(P1) ue C*% (Qp) for some a € (0,1);

(P2) for each g > 1, |Vu| € L7 (0,T; W (Q)) and |Vg| € L= (0,T; W1 (Q)).

Since u is bounded, o (u) stays away from 0 below. Thus, this result is essentially
the same as that in [YL]. The proof there is based upon an application of the
single-layer potential theory. We claim that this result is a consequence of our
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earlier argument. To see this, note that for a.e. ¢ in (0,7), ¢ (x,t) solves the
boundary-value problem

(2.22a) div (o (u) V) =0 in Q,
(2.22b) =P on o0.

Hence, the classical regularity theory for linear elliptic equations asserts
ess sup le Dl es(a) < ¢
for some € (0,1). Set pr (t) = fQR ¢ (y,t) dy. Then we have
le = @Rl p, < cR”.
Observe from (2.22a) that

(2.23) div (o (u) pV) = div (o (u) (¢ — ¢r) Vi) .
Thus, f in (2.7a) may be replaced by

f=div(o(u) (¢ = vr) Voxer + Vu'xer) — uiXar
and |v|p  in (2.8) may be estimated by

o < ¢ [ o) (o= o) [Viol dedt + CRY

Pr
CRN*+28 4 ¢cRN+2,

IN

Consequently,
/ vidrdt < cRN12H28,

Dr
So (2.13) now reads
N+242a
/ (z — zp)Q dzdt < cRNT2T20 ¢ (ﬁ) / (z — zg)* dzdt

R
Qp Qr

for all 0 < p < R < R,. Pick v from (0, min{«, 8}). Then we deduce from [G,
p.86] that

) iz o\ N ,
(z—2,)" dadt < cp +c T (z — zr, )" dxdt

P QR.
for all 0 < p < R,.. By chasing the proof in [G, pp.70-72], we obtain that z is
locally Hoélder continuous in Q;\Sr . The local Holder continuity at the lateral
boundary St can be obtained from (2.18). Once we know o (u) is continuous, a
result in [R, p.82] states that |Vy| € L7 () for each ¢ > 1 and a.e. ¢t in (0,7). In
fact, we have

ess sup [ Vo[, o <c
(0,1)

This, in turn, implies
|Vul € L9(0,T; W9 ()
for each ¢ > 1, because of a result in [BLP, pp. 273-274].
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3. PARTIAL REGULARITY FOR u

The main result of this section is:

Theorem 8. Assume (H1)-(HS3), (1.2), and (1.3). Let (u, ) be the solution con-
structed in [X2]. Then there exists a relatively open subset Qo of Qr such that

a. u is locally Hélder continuous on Qq;
b. Qr\Qo has an empty interior;
c. u € L>®(Qr\Qo).

The solution in [X2] is established as a limit of a sequence of approximate solu-
tions. As we shall see, our proof of Theorem 8 relies on the approximation procedure
employed in [X2]. Since classical weak solutions or capacity solutions are not known
to be unique, we do not know if Theorem 8 holds for a solution obtained by other
constructions. Note that the results in Section 2 hold for any capacity solutions.

We are not able to obtain the Hausdorff dimension of Q7\Qo due to the degen-
eracy involved.

Now consider a sequence of approximate problems:

ouy,

(3.1a) B Aty = oy (un) [Veon|? in Qr,
(3.1b) div (o (un) Vipr,) =0 in Qr,
(3.1c) Up = u* on opQr,

(3.1d) on=9 on Sr (n=1,2,...),

1
where 0, (s) = 0 (s)+ —. Then by virtue of a result in [X2] (u, ¢) in Theorem 8 can
n

be viewed as a strong limit of (u,,¢,) in [L?(Qr)]?. For each fixed n, u, satisfies
the conclusions of Theorem 7. We shall proceed to derive a priori estimates for

(Un, ‘Pn)~

Lemma 9. There exists a positive constant ¢ such that

[enllo,or <

/ o (un) |Veon|? dzdt < c,
Qr
ess sup /ui (x,t) dx + / V| dedt < ¢
0115 Qr
for all n.

We refer the reader to [X2] for the proof.
Lemma 10. For each A >0,
(3.2)  —Ap, =div(Fa (un) Ven) + Ga (un) Vo, Vu, in D' (Q)

for a.e. t in (0,T), where
Uunp+A

(3.3) Fa(up) =op (un) % / Unl(s) ds —1,

Un

(3.4) Ga(up) = % (1 - %) .
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Proof. For each A > 0 and each & € C§° (£2), we have that

un+A

(3.5) e [

Un

R

1,2
o (5) ds € Wy (Q)

for each ¢ in [0, T]. Observe from (3.1b) that

(3.6) div (o, (un) V) =0  in D' (Q)

for a.e. ¢t in (0,7"). We conclude that for a.e. ¢ in (0,T)
Un+A

[on @) e

Q Uy

1 1
+ /Un (un) Voné (Cfn (wn + A) T (un)> Vu,dr = 0.
Q

This yields the lemma. O

1
on (8)

dsVédz

From now on, we will operate under (1.2) and (1.3). It is easy to see that
on (s+7) o(s+7)
on (s) o (s)
A lemma in [X2] indicates that if (1.2) holds, then for each L > 0 there exist

my, > 0, My > 0 with the property
o(s+71)
a (s)

-1 <

(3.7)

=k

(3.8)  mp< < M, for (s,7) € (—o0,00) x [-L, L] .

If this holds, then
on(s+7)

on (8)

(39) mp < < Mg, for (s,7) € (—o0,00) x [-L, L] .

In this case one can show [X2] that fQT |Von|? dzdt < ¢ for all n. Thus (u, @) is a
classical weak solution.

Theorem 11. For each q > 2 there exists ¢ > 0 such that

N+2
R o
(3.10) IVenllgq, @y < ¢ <||vun||q,QR(m,t) + R——p>

for all (z,t) € Qr and 0 < p < R < Ry (z,1t).

Proof. Let xo € Q be given. Fix R, (z9) > R > r > 0. Choose £ € C§° (Br (x0))
so that

£E>0 on Bgr = Bg (z0),
E=1 on B,,
and .
VE < —— .
Vel < =

Set
Yo = ok .
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A simple calculation yields

—Atp, = div (Fa (un) Vo) — (1 4+ F4 (un)) Ve, VE
—div (1 + Fa (un)) ¢ VE) in RN

for a.e. ¢t in (0,7), where ¢, u, are understood to be zero outside Br. Now for
each y € RY and py > 0 consider the problem

(3.12a) —A¢, =0 in B, (y) = B,,,
(3.12b) O = U on 0B

PO

A result in [G, p.78] asserts that

(3.13) / }wn - (vaﬁn)pf dz < ¢ <p—’;>N+QBP/O }wn — (o), * o

for all 0 < p < pg, where ¢ > 0 depends only on N. Subtract (3.12a) from (3.11),
use ¥, — ¢, as a test function in the resulting equation, and thereby obtain

(3.14)
By,

< [ F3G) 90aPda e [ (14 Fa () [V V] do

By, By

+C/GA (un)|an||Vun|dx+c/GA (un) |VEVU, | dx
B B

p0 PO

—|—c/ VE[2 (14 Fa (un))? da.

BPO

Here, we used the fact that {¢,}, {¢¥n}, {¥n} are all bounded in L (Qr). Observe
that there exists a 6, in (0,1) so that

Un+A

We can infer from (3.9) that

1+ Fa(un)| < ¢(A),[ Ga (un)] < ¢(A)
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for some ¢ (A) > 0. For any ¢ > 0, we conclude from (3.14) that
(3.15)
By

< (172 ()l ) 21 (1901%)

05 (g M (9ul) + (e )31 (V) ()01 (9P

where M (|V¢n|2>, M (|Vun|2>, M (|Ven|), and M (|Vf|2) are the maximal func-

tions of |Vibn|?, [Vun|> XBr » [Von| xBx > and |VE|?, respectively. For 0 < p < po,
we estimate, with the aid of (3.13) and (3.15), that

(3.16) [ (Ve (vun),) o
< of (vwn—wn;;x + [ (V6n-(0,),) s
< cB] (Vg — VouPdr + ip(p%)w [ (w6~ (00),,) ds
i Ea c(p%)N”Bj (Vo (), )
< ¢(Dn+En) ol + c(p%)N”B7 Vi ? da.
i,

We are ready to employ an argument in [DM]. For this purpose, we rewrite (3.16)
as

2
]{3 p (Veu = (Ve),) da
N

(173 (@)l o 5, +2) (%O)N + (%)21 M (Vo) + ¢ (%") E, .

Remember that

<c

a (Un)
o (un, + 60, A)

uniformly as A — 0. Thus, for each 7 € (0, 1), we may choose A and € so that

|Fa (un)| <

—1‘—>0

]{3 (Wn - (Wn)pm)Q dx < cr*M (|wn|2) +c(r)En

POT

Since pg is arbitrary, we can conclude that

(3.17) ((wn)ﬁ)2 < er?M (|wn|2) te(r)En,
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where (Vz/Jn)Ii is the sharp maximal function associated with Vi,,. Remember that
up € WH4(Q) for a.e. tin (0,7) and each ¢ > 2. Now we are in a position to apply
the Fefferman-Stein inequality in [F'S]. This results in

/|v¢n|qu=/|wn|qu
Br RN

S/(M(an))qu

RN

<c(@) [ [vun]da

e
<clr [ (a(196aP))" do+era) BE
RN

for each g > 2. Recalling the definition of F, and the Hardy-Littlewood maximal
theorem [DM], we arrive at

(3.18)
/|Vz/1n|qd;v§c /|wn|qcz Lol /|w 1 do
RN

q>/|Vun|‘de+c(q> / Ve[ de.
BR RN

1
Now choose 7 so that ¢(q) 77 < 3" We derive from (3.18) that

(3.19)
/|thn|qd$§ / Ve |? da
B, RN

N

S 7% /|Vg0n|2dx+c/|Vun|qu+cm

(R
5/|V<pn|qu+c/|Vun|qu+

BR BR

for each e > 0. For k € {1,2,...}, define

c(e) RN
(R—r)!

R
~ o5

where 6 € (0,1). Set 7 = p, R = pr+1 in (3.19) to obtain

/|Vg0n|qu§£ / |V<pn|qu+c/|Vun|qu
B

pr =R

Bpk Pk+4+1

c () RN—a2dk
+ —.
04
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In view of a result in [D, p.13], we derive, by suitably selecting ¢, that
N

(RO)*

V| de < c(q) / |Vun,|"dz + ¢ (q)
R(1-0) Br

A simple integration yields (3.10). O

Proof of Theorem 8. Fix (xo,t9) in Qp. Let R > 0 be such that Qr (xo,t0) =
Qr C Qr . Consider the problem
vy,

(3.20a) 5 Av, = div (o4, (Un) nVen) in Qr ,

(3.20b) v, =0 on OpQr .

In light of a result in [BLP, pp.273-274], we have that for each ¢ > 2 there exists
a c¢(q) independent of R such that

(3.21) ||vvn||q7QR <c(q)llon (un) Spnv90n||q,QR .

Set w,, = u, — v,. Then w,, satisfies

(3.22a) 8(;’;" ~Aw,=0 in Qg,
(3.22Db) Wy, = Uy, on OpQr .

We infer from a result in [D] that

va””oq(% < ﬁ (Q/ |an|2dxdt
(R—p) ;

for each 0 < p < R. Keeping these in mind, we calculate, for p < R, that
(3.23)

1

2

[Vunlly.q, < 1Vonllgq, + 1IVwnllyo,
Ni2
<IVonllggr 077 IVunly o,
< c(q)[lon (un) SDTLVSO"H%QR

N+2
cp 4
+ = (IVunllsgp + 1900l0,, )
(R B p)¥ QR QR
< c(q)[lon (un) SDTLVSO"H%QR
N+2
+ =z (IVtnlls,gp + 10 (tn) 0 V0nllz )
N+2 n 2) n n n n 27 3 N
(R—p) 7 Qnr Qr

Define, for k € {0,1,2,...},

R
PkZR—W-

1 1 . .
Set p = pi, R = pi + 3 (P41 — pr) = 3 (pr+1 + pr) in (3.10) to obtain

N+2
320 Vel <@ (190l Fer*i2t).

q7Q%(Pk+1+Pk)
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1 .
Let p = 3 (Pr+1+ pr), R = pry1 in (3.23) to get

||vun||q,Q%(pk+1+pk) S c (q) ||Un (un)Hoo,QR ||vg0n||q7ka+1

F RPN (7))

Use this in (3.24) to obtain

(3.25) 196nllq, < @ lon @n)llq, 190nlq,, .

te (RNq”‘l +RN?2‘N2+2> (2N§2)k.

Thus, if
N+42 1
(3.26) (@) o () g 2 < 5
we have
N+2
(3.27) IVenll, g, <c <RNJ2—1 LR ) .
3

Recall that lim o (s) =0 and 0y, (s) = o (s) + S . We conclude that there is an

S—00 n
My > 0 such that (3.26) holds whenever n is large enough and
(3.28) essinf u, > M.

Qr

Now let (z9,t0) € Qr and ¢* be given as in (2.1). Assume that there exists an
Ry € (0, Ro(wo,t0)/2) such that

][ udxdt > ¢* + M.
Q2R (zo,to0)

][ Updxdt > ¢ + My
Q2R (zo,to)

Then

for n sufficiently large, since a result in [X2] asserts that u,, — u strongly in L? (Qr).
By virtue of Theorem 2,

ess inf uw,, > ][ updxdt — c*
Q2Rr,

Ry
> M, for n sufficiently large.
This means that (3.27) holds for R = Ry and n large enough. Thus,

(3.20) 196l <ela.R)
2

for all ¢ > 2. Define

Rr(z,t)

= {(x,t) €Qr: AR € (0, Ry (x,t) /2) :][ udzdt > c* —I—Mo}.
Q

Clearly, T is open. For each (x,t) € T', there is a pg > 0 such that w is Holder
continuous on @, (x,t) due to (3.29). We see that

u < c*+ My
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a.e. on @Qr\I'. Now, let

Qo = I' UInterior of Qp\I.

The local Holder continuity of u on the interior of Q7 \I is due to a local version

of Theorem 7. This completes the proof. O
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